1. The problem. Consider the differential equation (1) AiA + b'Ai + cA = 0 where the summation convention is being used and
AiA + b'Ai + cA = 0 where the summation convention is being used and (2) A2ä=¿¿O1"«* d£)=iV«-<v«-rU)
is the Laplace-Beltrami operator. Here a comma indicates covariant differentiation, a dot indicates (ordinary) differentiation, Ai = A .,-, g = det(g, 7) and is always assumed to be positive, and Ty are the Christoffel symbols of the second kind with respect to iga). All the functions in this paper are assumed to be sufficiently smooth. If (1) has a positive solution A o in a domain D, then the structure of (1) can be simplified. Indeed, setting .4 =AoA, we reduce (Dto (3) Ail + l'Ai = 0 where the 5* depend on b', Ao.
In this paper we consider the equation (4)  A2A + cA =0  (cj6 0) and wish to obtain an equivalent equation
where Co is a constant, preferably zero. Here, 52 is the Laplace-Beltrami operator with respect to a different metric. We shall prove that it is possible to reduce (4) to (5), and that we can take c0 = 0 if c = 0. We also get similar results for parabolic equations.
Ishii [6] has considered conformai mappings which transfer solutions of A2.4=0 into solutions of ÄiA=0. Ingraham [4] considered the question of eliminating the ô* from equation (1) 1 a = r.y + 5¿<ry + bid -gag cm we find, after some elementary calculation,
where Aio =gi'o-iOj. Hence, (4) and (5) Due to the invariance of the operators of (4), (5) with respect to local change of the x-coordinates, Theorem 1 holds also when D is a domain on a manifold.
Quite incidentally, if c and Co are the scalar curvatures corresponding to the metric tensors g,y and ga related by (6), then (10) is known to hold (see [3, p. 90] ). Recently Yamabe [9] proved that on a compact manifold, for any positive definite metric there exists a conformai transformation which yields a new metric with constant scalar curvature. His proof does not make use of the specific nature of the function c, that is, he proves that for aMy smooth function c on a compact Riemannian manifold with a positive definite metric there exists a constant Co and a positive smooth function u, defined on the whole manifold, such that (12) is satisfied. Hence we have: Theorem 2. Given a compact Riemannian manifold £", n = 3, with a positive definite metric, equation (4) can globally be reduced to equation (5) by means of (6), (7), (9), where c0 is a constant depending on c.
If Co^O then the transformation is uniquely determined, up to a constant multiple ^0. Indeed, if Ui, Ci is another solution, then w = Ui/u satisfies ÄiW+coW = CiW(n+2)l(n~2). Setting w(x°) = max w(x), we then have 52w^0, c0w = 0 at x°; hence Ci^O. It follows that A2w+c0w = 0. The minimum principle now yields w = const.
Corollary.
Let D be an n-dimensional bounded domain, n = 3, and let iga) be a positive matrix. Then (4) is reducible to (5), in the whole domain D, by means of (6), (7), (9) , where the constant c0 depends on c.
Under some conditions on c(x) we can even take co = 0. Thus we have: Theorem 3. Let D be an n-dimensional domain, n = 3, either bounded or unbounded but with finite boundary, and let iga) be a positive matrix. If c(x) =0 then (4) is reducible, in the whole domain D, to (5) with Co = 0, by means of a transformation (6) , (7), (9) .
Proof. We only have to establish the existence, in D, of a positive solution of the equation (13) AiU + eu = 0.
If D is bounded, we solve (13) for any positive boundary values and thus obtain a positive solution, using the maximum principle. If D is unbounded then the existence of a positive solution follows by recent results of Meyers and Serrin [7] .
We note that if the diameter of D is sufficiently small it is not necessary to make any assumption on c. We also remark that for a given bounded domain D we can get c0 = 0 if c(x) -e where e is sufficiently small, depending on D. However, if t is not small there are in general no positive solutions of (13) in D. Hence, the reduction by (6), (7) is possible if and only if sgn c(x) = const, and Co can be taken to be either any positive or any negative number, depending on sgn c(x). Note that (g,y) can be taken to be any nonsingular matrix. From now on we assume that if D is unbounded then the functions a, 1/a, c, gij, gi¡, da/dx\ dVóVóV, da/dt, dgii/dxh, d2gii/dxhdxk, dg^'/dt are Holder continuous and bounded for x in D and í in finite intervals. We then claim that for any D, there exists a positive solution of (17) with c0 = 0. It is enough to establish it when D is the whole M-dimensional space £". Let £(x, f; £, t) be the fundamental solution of (17) constructed by Dressel [2] . Then for any positive function <p(£) which tends to a positive limit £ as | ¿| ->oo we have a solution of (17) with c0 = 0 for x££", 0<f < oo, in the form u(x, t)= f K(x, t; £, 0)4>(t)dl¡.
This solution is positive on f = 0, and it tends to B as |x|-»oo, uniformly in f in finite intervals O^t-T, £>0. Hence by appropriately applying the maximum principle [8] we conclude that m(x, f)>0. We have thus proved:
